This paper considers a generalized double dispersion equation depending on a nonlinear function f (u) and four arbitrary parameters. This equation describes nonlinear dispersive waves in 2 + 1 dimensions and admits a Lagrangian formulation when it is expressed in terms of a potential variable. In this case, the associated Hamiltonian structure is obtained. We classify all of the Lie symmetries (point and contact) and present the corresponding symmetry transformation groups. Finally, we derive the conservation laws from those symmetries that are variational, and we discuss the physical meaning of the corresponding conserved quantities.
Introduction
A well-known equation that models the motion of long dispersive shallow water waves, which are propagated in both directions, is the Boussinesq equation [1, 2] , given by:
This equation is an integrable system, which is well-posed for b = −1 and ill-posed for b = 1. Many modified and generalized Boussinesq equations have been considered in the literature. A generalization of the Boussinesq equation depending on a nonlinearity power p = 0 consists of replacing in (1) the nonlinear term (u 2 ) xx by (u p ) xx . The resulting equation is given by:
A modified Boussinesq equation is obtained by substituting the fourth-order term u xxxx in (1) by u ttxx , yielding:
This equation is well-posed. In [3] [4] [5] [6] [7] [8] , the Cauchy problem and initial boundary value problem were considered for these equations and also for a double dispersion equation that unifies the previous equations and depends on a nonlinear function f (u). This generalized double dispersion equation is given by: u tt = u xx + au ttxx + bu xxxx + du txx + ( f (u)) xx .
Another interesting variant of the Boussinesq equation is given by the sixth-order equation:
and its generalization:
where f (u) is a nonlinear function. These equations model long gravity-capillary surface waves with a short amplitude, propagating in both directions in shallow water. The Cauchy problem was considered for Equation (5) in [9] , and the Hamiltonian formulation and a complete classification of Lie point symmetries and conservation laws were obtained for Equation (6) in [10] .
Recently, a generalization of Equation (2) to two spatial dimensions, given by: u tt = u xx + bu xxxx + α(u p+1 ) xx + βu yy , p = 0 (7) was considered in [11] , where the point symmetries, conservation laws, and line soliton solutions were derived. In this work, we consider a (2 + 1)-dimensional generalization of the double dispersion Equation (4), given by:
where f (u) is a nonlinear arbitrary function and a, b, d, and β are arbitrary parameters. The 2D generalized double dispersion (2D gDD) family of Equations (8) unifies the previous Equations (1)-(4) and (7) . Some (2 + 1)-dimensional equations in this family were considered in recent literature and were shown to admit interesting exact solutions such as line solitons and lump solutions [11] [12] [13] . For any given partial differential equation (PDE), symmetries are transformations that leave invariant the whole space of solutions of the equation. Symmetries can be used to obtain reductions and exact group-invariant solutions. These invariant solutions play a key role in the investigation of certain analytical properties, e.g., asymptotic and blow-up behavior. In addition, explicit solutions can be used to assess the accuracy and reliability of numerical solution methods. For a given PDE, all admitted Lie symmetries can be determined by applying the Lie method.
A conservation law of a given evolution equation is a continuity equation that yields basic conserved quantities for all solutions. Some important uses, among others, are that they allow detecting and constructing mappings of nonlinear evolution equations to linear equations. Moreover, they can be used for studying integrability.
In Section 2, we write the 2D gDD Equation (8) as a potential equation, and we find a Lagrangian formulation for d = 0. The associated Hamiltonian formulation is also included in Section 2. By using the Lie method, in Section 3, we classify all point and contact symmetries of the potential equation, and we include the corresponding symmetry groups. We provide an Appendix A with a summary of the computations. In Section 4, from the previous classification of Lie symmetries of the potential equation, the variational symmetries are found. Next, in Section 5, we derive the conservation laws of the potential equation from the variational symmetries by using Noether's theorem. Furthermore, we discuss the physical meaning of the associated conserved quantities. Finally, in Section 6, we give some conclusions.
Potential Form and Hamiltonian Formulation
The generalized double dispersion Equation (8) can be expressed in potential form by using a potential:
The resulting equation is then given by:
This potential Equation (10) admits a local Lagrangian structure:
if and only if d = 0, where δ/δv is the variational derivative with respect to v:
Indeed, the double dispersion equation in potential form (10) can be written as the Euler-Lagrangian equation of a local Lagrangian if and only if the Helmholtz conditions are satisfied [14, 15] , i.e., the Fréchet derivative of Equation (10) is self-adjoint. We recall [14, 15] that the Fréchet derivative of a differential function G(t, x, y, v, v t , v x , v y , ...) acting on P(t, x, y) is given by:
and the adjoint Fréchet derivative is given by:
To show that the Fréchet derivative of the potential 2D gDD Equation (10) is self-adjoint, we compute the Fréchet derivative of Equation (10):
and the adjoint Fréchet derivative of Equation (10):
where P = P(t, x, y), and we verify that Expression (15) coincides with its adjoint (16) for all P(t, x, y).
It is straightforward to show that this only occurs iff d = 0. There are two main implications when a PDE admits a Lagrangian structure: the existence of conserved energy, momentum, etc., from Noether's theorem and the existence of a Hamiltonian formulation. From the physical point of view, the restriction d = 0 on Equation (10) means that the dynamics is being restricted such that dissipative processes are being removed, leading to conservation of energy, momentum, etc.
The Lagrangian corresponding to the Lagrangian formulation (11) of Equation (10) is then given by:
where
The potential Equation (10) can be expressed as an equivalent evolution system, given by:
When d = 0, the Lagrangian structure (11) yields a Hamiltonian formulation for the potential system (18), given by:
with the Hamiltonian density given by:
where F (v x ) = f (v x ) and J is the Hamiltonian operator [15] . There exists an equivalent Hamiltonian structure in terms of the variable u, with the Hamiltonian given by a nonlocal expression in u and w. By noting that u t = v tx = w x and by applying the variational derivative identity δH/δv = −D x (δH/δu), the Hamiltonian formulation is then given by:
where D is the Hamiltonian operator [15] . Note that when a = 0 and f (v
x , the generalized (2 + 1)-dimensional Boussinesq with p-power nonlinearity is obtained. The Hamiltonian structure for this equation was obtained in [11] . In addition, if β = 0 and p = 1, this Hamiltonian formulation is one of the Hamiltonian structures [15] of the ordinary Boussinesq Equation (1). In this section, these Hamiltonian structures have been extended for a more general (2 + 1)-dimensional double dispersion equation depending on an arbitrary function.
Lie Symmetries
For nonlinear evolution equations, symmetries are important since they can be used to determine groups of transformations, which leave the solution space of the equation invariant, and also because they lead to reductions and exact invariant solutions. The Hamiltonian structure derived in the previous section motivates studying the symmetries of the 2D gDD equation in potential form (10) . The Lie symmetries of Equation (10) 
Point Symmetries
An infinitesimal point symmetry of the potential 2D gDD Equation (10) is a vector field of the form:
whose prolongation leaves invariant the whole solution space of the equation,
A point symmetry (22) of the potential 2D gDD Equation (10) generates a one-parameter Lie group of point transformations acting on dependent and independent variables that carries solutions of the equation into other solutions. This point symmetry transformation is then given by:
with being the group parameter. The action of a point symmetry on solutions of the potential 2D gDD Equation (10) 
corresponding to the characteristic form of the generator, given by:
where P is the symmetry characteristic. The invariance condition is then equivalently expressed in terms of the Fréchet derivative (13) of the potential 2D gDD Equation (10) acting on the symmetry characteristic P as:
yielding:
which holds for all solutions of the 2D gDD equation in potential form (10) , and is called the symmetry-determining equation of PDE (10) . The determining Equation (28) splits with respect to the differential consequences of v and leads to an overdetermined system of equations for P, f (v x ), a, b, d, and β. Furthermore, we will also impose the classification conditions f (v x ) = 0, which implies that the equation is nonlinear; a 2 + b 2 = 0 and β = 0, which respectively imply that the equation is a fourth-order PDE, and generalizes the 1D gDD Equation (4) to two spatial dimensions. We set up and solve the resulting determining system by using Maple, in particular the "rifsimp" and "pdsolve" commands. A summary of the steps followed for this computation is included in Appendix A. Therefore, we have the following classification result.
Theorem 1. (i) The point symmetries admitted by the 2D generalized double dispersion potential Equation (10) for arbitrary a, b, d, β, and f (v x ) with the conditions a 2 + b 2 = 0, β = 0, and f (v x ) = 0 are generated by the transformations:
The last symmetry is a linear combination of two infinite-dimensional families, with g(y + βt) + h(y − βt) being the general solution of the linear equation P tt − βP yy = 0 for P = P(t, y).
(ii) The 2D generalized double dispersion potential Equation (10) admits additional point symmetries for special f (v x ), a, b, or d, in the following cases:
(a) a = 0, d = 0, arbitrary f (v x ), b, and β,
boost in the plane (y, t).
(33b)
− v x , a = 0, arbitrary b, d, and β,
(t,x,ỹ,ṽ) 6 = (e 2p t, e p x, e 2p y, e (p−2) v − 2cx ), scaling and shift.
(34b)
(t,x,ỹ,ṽ) 7 = (e 2 t, e x, e 2 y, e 3 v + 2cx ), scaling and shift.
, arbitrary a and β,
(t,x,ỹ,ṽ) 8 = (e p t, x, e p y, e −2 v − 2cx ), scaling and shift.
(t,x,ỹ,ṽ) 9 = (e p t, x, e p y, v − 2x ), scaling and shift.
The classification of the maximal point symmetry Lie algebras for the 2D gDD potential Equation (10) is shown in the following theorem. For each case, the basis of generators and its non-zero Lie brackets are included. Theorem 2. The 2D generalized double dispersion potential Equation (10) admits the maximal symmetry algebras (with corresponding non-zero commutator structure) given by:
(i) arbitrary f (v x ), a, b, d, and β, X 1 , X 2 , X 3 , X 4,g,h ;
(ii) a = 0, d = 0, arbitrary f (v x ), b, and β,
− v x , a = 0, arbitrary b, d, and β, X 1 , X 2 , X 3 , X 4,g,h , X 6 ;
[X 1 , X 6 ] = 2pX 1 ; [X 2 , X 6 ] = pX 2 + X 4,−2c,0 ; [X 3 , X 6 ] = 2pX 3 ; [X 4,g,h , X 6 ] = X 4,g 2 ,h 2 ,
− v x , a = 0, arbitrary b, d, and β, 
, arbitrary a and β, X 1 , X 2 , X 3 , X 4,g,h , X 9 ;
[X 1 , X 9 ] = pX 1 ; [X 2 , X 9 ] = X 4,−2,0 ; [X 3 , X 9 ] = pX 3 ; [X 4,g,h , X 9 ] = X 4,g 5 ,h 5 ,
− v x , a = 0, d = 0, arbitrary b and β, X 1 , X 2 , X 3 , X 4,g,h , X 5 , X 6 .
(
− v x , a = 0, d = 0, arbitrary b and β, X 1 , X 2 , X 3 , X 4,g,h , X 5 , X 7 .
For arbitrary f (v x ), a, b, d, and β, the 2D gDD potential Equation (10) admits a four-dimensional Lie algebra consisting of time-translation symmetry (29), space-translation symmetries (29) and (30), and infinite-dimensional symmetry families (32). When a = 0 and d = 0, Equation (10) becomes a 2D generalized Boussinesq equation in potential form and admits a five-dimensional algebra that includes the previous symmetries and also a boost in the plane (y, t) (33). The classification of point symmetries was already known for the 2D Boussinesq Equation (7) in potential form when f (v x ) = v p+1 x [11] . However, we remark that this maximal algebra is also admitted by Equation (10) with a = 0 and d = 0 for any f (v x ).
We also note that for each of the cases (iii)-(viii) of Theorem 2, the specific forms of the function f (v x ) will result in the dropping of the second-order term v xx in the 2D gDD potential Equation (10) . Therefore, the resulting equations are not properly Boussinesq-type equations, but some other fourth-order nonlinear dispersive PDEs in 2 + 1 dimensions that admit five-dimensional algebras consisting of time and space-translation symmetries, infinite symmetry families, plus a scaling and shift symmetry. In particular, when a = 0 and d = 0 and for the specific forms of f (v x ) in Cases (vii) and (viii), the equations are respectively given by:
Both equations admit six-dimensional algebras consisting of time and space-translation symmetries, infinite symmetry families, boost symmetry, and scaling-shift symmetry.
Contact Symmetries
A contact symmetry of the potential 2D gDD Equation (10) is a one-parameter Lie group of transformations that leaves invariant the solution space of the equation and in which the transformation of (t, x, y, v) essentially depends on v t , v x , or v y . The corresponding symmetry generator is given by:
and the characteristic form of this generator is then given by:
with:
A contact symmetry yields a prolonged point symmetry iff the symmetry characteristic P is at most linear in v t , v x , and v y .
The invariance of the potential 2D gDD Equation (10) under the contact symmetry transformation is expressed by the determining Equation (28) holding for all solutions v(t, x, y) of Equation (10) . Then, the determining equation splits into an overdetermined system of equations for P(t, x, y, v, v t , v x , v y ) together with the function f (v x ) and the parameters of the equation a, b, d, and β. We impose again the classification conditions f (v x ) = 0, a 2 + b 2 = 0 and β = 0. We set up and solve this system by using the Maple "rifsimp" and "pdsolve" commands. This computation is analogously done by using the steps outlined in Appendix A for the Lie point symmetries, but considering in this case the contact symmetry in characteristic form (41). Therefore, we obtain the following result. Theorem 3. The 2D generalized double dispersion potential Equation (10) does not admit any contact symmetry except for those that reduce to prolongations of point symmetries.
Variational Symmetries
When d = 0, the 2D generalized double dispersion potential Equation (10) admits a local Lagrangian structure (11) in terms of a Lagrangian functional (17) , which will be used in this section to determine which of the Lie symmetries of Equation (10) with d = 0 are variational symmetries.
A variational symmetry is an infinitesimal symmetryX = P∂ v that leaves invariant a Lagrangian functional L up to a total divergence,X
where Ψ t , Ψ x , Ψ y depend on t, x, y, v, and derivatives of v. The invariance condition is usually verified by computing the left-hand side of (43) and integrating by parts the resulting expression to obtain a total divergence expression. This invariance condition is equivalent to:
in terms of the Euler operator (12) (i.e., the variational derivative), involving only the symmetry characteristic P and the Lagrangian L [14, 15] . Therefore, for each of the Lie point symmetries admitted by the 2D gDD potential Equation (10) with d = 0, it is only necessary to check that the variational symmetry condition (44) is satisfied, where L is the Lagrangian (17) . We next summarize the results. 30) and (31), the infinite symmetry families (32), the boost symmetry (33), and the scaling-shift symmetry (37). The scaling-shift symmetry (34) is only variational for p = 4 3 , and the scaling-shift symmetries (35) and (36) are not variational.
Conservation Laws
A local conservation laws of the potential 2D gDD Equation (10) is a space-time divergence expression:
holding on the solution space of Equation (10), with T and (X, Y) being respectively the density and the spatial flux, which are functions of t, x, y, v, and derivatives of v. The expression (T, X, Y) is called the conserved current. For any given nonlinear evolution equation, local conservation laws are important since they describe physical quantities that do not change over time within an isolated physical process. For the potential 2D gDD Equation (10), every non-trivial conservation law (45) is equivalent to the characteristic equation [14, 15, 17] , given by:
holding off of the solution space of Equation (10), where Q,T,X, andỸ are functions of t, x, y, v, and derivatives of v. When restricted to the solution space of Equation (10), the conserved densitỹ T and the spatial flux (X,Ỹ) respectively yield T and (X, Y). The function Q in (46) is called the conservation law multiplier. For a given equation admitting a Lagrangian structure (11), Noether's theorem states a one-to-one correspondence between variational symmetries and locally non-trivial conservation laws [15, 17] . In terms of the variational symmetry characteristic P and the conservation law multiplier Q, the correspondence in Noether's theorem is equivalent to the condition:
Given a variational symmetry characteristic P, it is straightforward to derive the corresponding conserved current (T,X,Ỹ) from the characteristic Equation (46) by using several methods. One method consists of first splitting the characteristic equation D tT + D xX + D yỸ = PE v (L) with respect to v and its derivatives and then integrating the resulting linear system [17] . A second method consists of applying a repeated integration process [18] to the terms in the expression PE v (L) to obtaiñ T,X,Ỹ. A third method consists of inverting the Euler operator in the variational symmetry equation E v (PE v (L)) = 0 by means of a homotopy integral formula [14, 15, 17] .
Since the 2D gDD equation in potential form (10) with d = 0 possesses a Lagrangian formulation, we now derive the conservation laws associated with the variational symmetries obtained in Theorem 4.
Theorem 5. (i) The conservation laws admitted by the 2D generalized double dispersion equation in potential form (10) with d = 0, for arbitrary f (v x ), a, b, β, arising from variational symmetries, are given by:
The 2D generalized double dispersion equation in potential form (10) with d = 0 admits additional conservation laws corresponding to variational symmetries arising for the following special f (v x ), a, or b:
(a) a = 0, arbitrary f (v x ), b and β,
− v x , a = 0, arbitrary b and β,
Next, we look at the meaning of these conservation laws.
When we consider solutions v(t, x, y) of the given equation in a spatial domain Ω ⊆ R 2 , for every conservation law (45), there is an associated conserved integral, given by:
wheren represents the unit normal vector, which points outward to ∂Ω, the boundary curve of Ω, whereas ds represents the arc length along this curve. The global Equation (56) physically means that there is a balance between the rate of change of the quantity (55) on Ω and the net outward flux through ∂Ω.
For the 2D generalized double dispersion potential Equation (10), the conservation law (48) leads to the conserved quantity:
, which is an energy arising from the time-translation symmetry (29). The conservation laws (49) and (50) yield, respectively, the conserved quantities: 
arising from the infinite symmetry families (32) and corresponding to the conserved quantities of transverse momenta of the linear wave equation v tt − βv yy = 0. The conservation law (52) yields the conserved quantity:
which is a boost-momentum arising from the boost symmetry (33). The conservation laws (53) and (54) yield, respectively, the conserved quantities: 
which are dilational energy quantities arising from the scaling and shift symmetries (37) and (34).
Conclusions
For the 2D generalized double dispersion Equation (8), we first expressed this equation in potential form, and then, we obtained a condition for this equation to admit a Lagrangian formulation. We also gave the corresponding Hamiltonian structure. Next, we classified all Lie symmetries (point and contact) of the 2D gDD potential Equation (10) . Finally, we constructed all conservation laws that arise from variational point symmetries of (10) with d = 0. We remark that all of the conservation laws (48)-(54) of the potential Equation (10) depended essentially on the potential v; therefore, for the 2D gDD Equation (8), the corresponding conservation laws are nonlocal. Furthermore, we gave the physical meaning of the corresponding conserved quantities.
In future work, we will look for exact group-invariant solutions of Equation (8) 
